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COHEN-MACAULAY AUSLANDER ALGEBRAS OF GENTLE 

ALGEBRAS 

XINHONG CHEN AND MING LUt 


Abstract. For any gentle algebra A = KQ/{1), following Kalck, we describe the quiver and 
the relations for its Cohen-Macaulay Ausländer algebra Aus(Gproj A) explicitly, and obtain 
some properties, such as A is representation-finite if and only if Aus(Gproj A) is; if Q has no 
loop and any indecomposable A-module is uniquely determined by its dimension vector, then 
any indecomposable Aus(Gproj A)-module is uniquely determined by its dimension vector. 


1. Introduction 

The concept of Gorenstein projective modules over any ring can be dated back to [1], where 
Ausländer and Bridger introduced the modules of G-dimension zero over a Noetherian rings, 
and is formed by Enochs and Jenda [H]. This dass of modules satisfies some good stable 
properties, becomes a main ingredient in the relative homological algebra, and is widely used 
in the representation theory of algebras and algebraic geometry, see e.g. mEKnuünsnH]. 
It also plays as an important tool to study the representation theory of Gorenstein algebra, 
see e.g. [6l[IÜl[l6]. 

Gorenstein algebra A, where by definition A has ünite injective dimension both as a left 
and a right A-module, is inspired from commutative ring theory. A fundamental result of 
Buchweitz [TÜ] and Happel m States that for a Gorenstein algebra A, its singularity category 
is triangle equivalent to the stable category of Gorenstein projective (also called (maximal) 
Gohen-Macaulay) A-modules, which generalizes Rickard’s result [22] on self-injective algebras. 

For any Artin algebra A, denote by Gproj A its subcategory of Gorenstein projective mod¬ 
ules. If Gproj A has only finitely many isomorphism classes of indecomposable objects, then 
A is called CM-finite. In this case, inspired by the definition of Ausländer algebra, the 
Gohen-Macaulay Ausländer algebra (also called the relative Ausländer algebra) is deüned 
to be EndA(0)h;^ where Ei,..., En are all pairwise non-isomorphic indecomposable 

Gorenstein projective modules [ZllHldÜI. A GM-finite algebra A is Gorenstein if and only 
if gl. dim Aus(Gproj A) < oo [191 [8| . Furthermore, for any two Gorenstein Artin algebras A 
and B which are CM-ünite, if A and B are derived equivalent, then their Cohen-Macaulay 
Ausländer algebras are also derived equivalent |21j . 

As an important dass of Gorenstein algebras [TSj, gentle algebras were introduced in 
[3] as appropriate context for the investigation of algebras derived equivalent to hereditary 
algebras of type A„. Many important algebras are gentle, such as tilted algebras of type A„, 
algebras derived equivalent to A^-configurations of projective lines m and also the cluster- 
tilted algebras of type A„ |9|, and type A„ [T]. It is interesting to notice that the dass of 
gentle algebras is closed under derived equivalence Recently, Kalck m proves that the 
singularity category of an arbitrary gentle algebra is a ünite product of n-cluster categories 
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of type Al. From it is easy to see that gentle algebras are CM-finite, which inspires us 
to study the properties of their Cohen-Macaulay Ausländer algebras. 

In this paper, our aim is to study the Cohen-Macaulay Ausländer algebras of gentle al¬ 
gebras. Let A = KQ/{I) be a gentle algebra. First, we explicitly describe the quiver and 
relations of Aus(GprojA) = see Theorem I.S.51 Second, we prove that A is 

representation-finite if and only if Aus(Gproj A) is, see Theorem 14.41 Third, if Q has no loop, 
and any indecomposable A-module M is uniquely determined by its dimension vector, then 
any indecomposable Aus(Gproj A)-module N is uniquely determined by its dimension vector, 
see Theorem 14.61 

It is worth pointing out that in m we construct a desingularization of arbitrary quiver 
Grassmannians for hnite-dimensional Gorenstein projective modules of 1-Gorenstein gentle 
algebras in terms of quiver Grassmannians for their Cohen-Macaulay Ausländer algebras. 
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2. Preliminaries 

Throughout this paper, we always assume that K is an algebraically closed field. For 
any finite set S, we denote by |(S'| the number of the elements in S. For a iC-algebra, 
we always means a basic hnite-dimensional associative Al-algebra. For any algebra A, we 
denote by gl. dim A its global dimension. For an additive category A, we denote by ind A the 
isomorphism classes of indecomposable objects in A. 

Let Q = {Qo, Ql) be a quiver (where Qq is the set of vertices and Qi is the set of arrows) 
and (/) an admissible ideal in the path algebra KQ which is generated by a set of relations 
I. Denote by {Q,I) the assoeiated bound quiver. For any arrow a in Q we denote by s(a) 
its starting point and by t{a) its ending point. An oriented path (or path for short) of length 
r > 1 from a to 6 is a sequence p = aia2 .. .oir of arrows a, such that t{ai) = «(ctj-i) for 
all i = 2,..., r, and «(a^) = a, t(ai) = b. A path of length r > 1 is called an oriented cycle 
whenever its source and target coincide. An oriented cycle of length 1 is called a loop. 

2.1. Gentle algebras. We ürst recall the dehnition of special biserial algebras and of gentle 
algebras. 

Definition 2.1 ([25]). The pair {Q,I) called special biserial if it satisfies the following 
conditions. 

• Euch vertex of Q is the starting point of at most two arrows, and ending point of at 
most two arrows. 

• For each arrow a in Q there is at most one arrow ß such that aß ^ I, and at most 
one arrow 7 such that 7a ^ I. 

Definition 2.2 ([ 3 ]). The pair {Q, I) is called gentle if it is special biserial and moreover the 
following holds. 

• The set I is generated by zero-relations of length 2. 

• For each arrow a in Q there is at most one arrow ß with t{ß) = s(a) such that 
aß G I, and at most one arrow 7 with 5(7) = t{a) such that 7a £ I. 


COHEN-MACAULAY AUSLANDER ALGEBRAS 


3 


A finite-dimensional algebra A is called special biserial (resp., gentle) if it has a presentation 
as A = KQj{I) where {Q,I) is special biserial (resp., gentle). 

Example 2.3. (a) Lei Q be the quiver as Figure 1 shows, and I = {/Sa, « 71 , 7 i/ 3 }. Then 
KQ/{I) is a gentle algebra. 
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o 



n < n 


1 72 3 

Figure 1. The quiver Q in Examvle 12.31 (a). 


(b) Let Q be the quiver as Figure 2 shows, and I = (a/S,/Sa, 7 ^}. Then A = KQ/{I) is a 
gentle algebra. 



Figure 2. The quiver Q in Exam'ole \2.S\ (b). 

A Classification of indecomposable modules over gentle algebras can be deduced from the 
Work of Ringel [23] (see e.g. na EÜj). For each arrow /S, we denote hy ß ^ the formal 
inverse of ß with s(/3“^) = t{ß) and t{ß~^) = s{ß). A word w = C 1 C 2 ■ ■ ■ Cn of arrows and 
their formal inverse is called a string of length n > 1 if Cj+i 7 ^ s(ci) = t(cj+i) for all 
1 < i < n—1, and no subword nor its inverse is in /. We define (ciC 2 • • • Cn)~^ = c~^ ■ ■ ■ 
and s(ciC 2 '"Cn) = s(cn), t(ciC 2 ■ ■ ■ Cn) = t(ci). We denote the length of w by l(w). In 
addition, we also want to have strings of length 0; be definition, for any vertex u G Qo, there 
will be two strings of length 0 , denoted by l(u,i) and with both = u = 

for i = — 1, 1 , and we define (l(u,i))~^ = We also denote by 5(A) the set of all strings 

over A = KQj{I). 

Remark 2.4. Eor any string w G 5(A), we have w 7 ^ w~^. 

Proof. If w is of length zero, then w = l(u,i) for z = 1 or — 1, and w~^ = lu-i which is 
different to w by the definition. 

If l{w) = n > 1, then we assume that w = C 1 C 2 ■ ■ ■ Cn- So w~^ = c~^ ■ ■ ■ Suppose 

for a contradiction that w = w~^, which means cj = for j = 1, ... ,n. If n = 2A; for 

some integer k, then Ck = c^+i, a contradiction to the definition of strings. If n = 2A: + I for 
some integer k, then Ck+i = c^+i, which yields a contradiction. So u; 7 ^ w~^. □ 

A band 6 = aia 2 • • • an-icxn is defined to be a string b with t(ai) = s(an) such that each 
power 6 "* is a string, but b itself is not a proper power of any strings. We denote by ß(A) 
the set of all bands over A. 

On 5(A), we consider the equivalence relation p which identifies every string C with its 
inverse C~^. On B{A), we consider the equivalence relation p' which identifies every string 
C = ci .. .Cn with the cyclically permuted strings = CjCj+i • • • CnCi ■ ■ ■ Cj_i and their 
inverses 1 < i < n. We choose a complete set 5(A) of representatives of S{A) relative 
to p, and a complete set ß(A) of representatives of B{A) relative to p'. 






4 


CHEN AND LU 


Butler and Ringel showed that eacli string w defines a unique string module M{w), each 
band b yields a family of band modules M{b,m,(p) with m > 1 and cj) G Aut(K"^). Equiva- 
lently, one can consider certain quiver morphism a : S ^ Q (for strings) and ß : B ^ Q (for 
bands), where S and B are of types and A„, respectively. Then string and band modules 
are given as pushforwards a^{M) and ß^{R) of indecomposable ATS-modules M and indecom- 
posable regulär RR-modules R, respectively (see e.g. [26]). Let Aut(A'"*) be a complete set 
of representatives of indecomposable automorphisms of RT-spaces with respect to similarity. 

Theorem 2.5 ([I 2 |)- The modules M{w) with w G and the modules M{b,m,(j)) with 

b G B{A), m > 1 and 4> G Aut (K^). provide a complete list of indeeomposable (and pairwise 
non-isomorphie) A-modules. 

In practice, a string w is of form ^ e* = ±1 for all 1 < z < re. 

So w can be viewed as a walk in Q-. 


w : 


bl 


ai 


b2 


OL2 


Otn-1 


bn+l ) 


where bi,b2 ■ ■ ■, ^n+i are vertices of Q and is an arrow from to öj if e* = 1, or an arrow 
from bi to if e, = —1, for each 1 < i < re . In this way, the equivalence relation p induces 
that 

w: bl -02- bn - bn+l, 

is equivalent to 

w bn+l - bn - 02 -Ol- 

It is similar to interpret p' if zu is a band. We denote by n ~ zc for any two strings v,w if v 
is equivalent to w under p. 

For any string w = ci... Cn, ov w = let Uw{i) = t{ci+i), 0 < i < n, and Uw{n) = 

«(in) = s{cn). Given a vertex v G Qo, let Iw{v) = {i\uw{i) = v} C {0,1,...,re}. Denote 
by kw{v) = |/i„(z;)|. We associate a vector {kiD{v))n^QQ to the string w, which is denoted by 
dimzn, and call it the dimension vector of w. From m. we get that dim re; = dim Mfre;). 

Note that if a gentle algebra A is representation-finite, then there is no band module in 
modA, and so all the indecomposable modules over A are string modules. 


2.2. Singularity categories and Gorenstein algebras. Let A be a finite-dimensional 
iL-algebra. Let modA be the category of finitely generated left A-modules, and proj A the 
subcategory of finitely generated projective A-modules. For an arbitrary A-module we 
denote by proj.dim^A (resp. inj.dim^A) the projective dimension (resp. the injective 
dimension) of the module xX. A A-module G is Gorenstein projeetive, if there is an exact 
sequence 

P» :- y p-^ ^ pO ^ ^ ... 

of projective A-modules, which stays exact under HomA(—,A), and such that G = Kerd*^. 
We denote by Gproj(A) the subcategory of Gorenstein projective A-modules. 

Definition 2.6 f[5l[6lfT6]L A finite-dimensional algebra A is called a Gorenstein (or Iwanaga- 
Gorenstein) algebra if A satisfies inj.dimAA < oo and inj.dimAA < oo. 

Observe that for a Gorenstein algebra A, we have inj.dimAA = inj.dimAA, see e.g. [Tül 
Lemma 6.9]; the common value is denoted by G.dimA. If G.dimA < d, we say that A is 
d-Gorenstein. 

For an algebra A, the singularity category of A is defined to be the quotient category 
Dg JA) := D^(A)/Rr^(proj A) [TÜl|T6l[2Ü|. Note that Dg JA) is zero if and only if gl.dimA < 

oo US]. 
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Theorem 2.7 ( [TÜlfTÜ] ). Let A be a finite-dimensional algehra. T/ien Gproj(A) is a Frobenius 
category with the projective modules as the projective-injective objects. If A is Gorenstein, 
then the stable category Gproj(A) is triangle equivalent to the singularity category Dgg{A) of 

A. 


An algebra is of finite Cohen-Macaulay type, or simply, CM-finite, if there are only finitely 
many isomorphism classes of indecomposable finitely generated Gorenstein projecitve mod¬ 
ules. Glearly, A is GM-finite if and only if there is a finitely generated module E such that 
Gproj A = addiH. In this way, E is called to be a Gorenstein projective generator. If the 
global dimension of A is finite, then Gproj A = proj A, which implies that A is GM-finite. If 
A is self-injective, then Gproj A = mod A, so A is GM-finite if and only if A is representation¬ 
finite. 

Let A be a GM-finite algebra, Ei,..., En all the pairwise non-Isomorphie indecomposable 
Gorenstein projective A-modules. Put E = (B'i^iEi. Then E is a Gorenstein projective 
generator. We call Aus(Gproj A) := (EndA^^l)'’^ the Cohen-Macaulay Ausländer algebra 
(also called relative Ausländer algebra) of A. 

Geiß and Reiten m prove that gentle algebras are Gorenstein algebras, so their Gohen- 
Macaulay Ausländer algebras have finite global dimensions [19j . The singularity category 
of a gentle algebra is characterized by Kalck in m, we recall it as follows. For a gentle 
algebra A = KQ/{I), we denote by C(A) the set of equivalence classes (with respect to cyclic 
permutation) of repetition-free cyclic paths ai... in Q such that aiOi+i £ I for all i, 
where we set n -|- 1 = 1. Moreover, we set /(c) to be the length of the cycle c £ C{A), i.e. 
l{ai... an) = n. 

For every arrow a £ Qi, there is at most one cycle c £ C(A) containing a. In fact, if there 
are two different elements c,c' £ C(A) such that a lies on both of them, then the definition 
of C(A) implies that there exist arrows ß, 71 and 72 such that 71 72 , s( 7 i) = t{ß) = 5 ( 72 ) 

and 7 i/ 1 , 72 /? £ I, a contradiction to that A is gentle. We dehne R{a) to be the left ideal Aa 
generated by a. It follows from the deünition of gentle algebras that this is a direct summand 
of the radical rad Pg^a) of f indecomposable projective A-module = ^^s{a )) where 
is the idempotent corresponding to s{a). In fact, all radical summands of indecomposable 
projective modules arise in this way, see e.g. m- 


Theorem 2.8 ([TT] ). Let A = KQ/{I) be a gentle algebra. Then 

(i) indGproj(A) = indproj AU{i?(ai),..., i?(a„)|c = oi • • • £ C(A)}. 

(ii) There is an equivalenee of triangulated eategories 




n 

cGC(A) 


D\K) 

Im 


where D^{K)/[l{c)] denotes the triangulated orbit category, see [T8] . 

From Theorem 12.81 or its proof in we get that Gproj(A) ~ Dgg{A) is equivalent 
to a semisimple abelian category and therefore itself is semisimple abelian. In particular, 
HomjY(R(a), ß(a')) = daa'K for any two non-projective indecomposable Gorenstein projec¬ 
tive modules R{a), R{a'). 


3. Cohen-Macaulay Ausländer algebras of gentle algebras 
Let A = KQ/{I) be a gentle algebra. It is easy to get the following lemma. 
Lemma 3.1. Let A = KQ/{I) be a gentle algebra. Then A is CM-finite. 
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Proof. From Theorem 12.81 we get that 

indGproj(A) = indproj , R{an)\c = ai • • • € C(A)}. 

So every non-projective indecomposable Gorenstein projective A-module is of form R{a) for 
some arrow a. Furthermore, there are only finitely many arrows, and then A is GM-finite. □ 

From A, we construct a bound quiver as follows: 

• the set of vertices := Qo U QT'^i where = {a|3 c € C(A) such that a lies on c}; 

• the set of arrows Qf“® := where = Qi \ (be. arrows do not 

lie on any cyclic paths in C(A)), = {a^ : s{a) a\a G Q^i^} and = {«“ : 

a —)• t{a)\a G 

• the set of relations := {ß~^a~\ßa G I with a, ß € (J{/?a|/3a G I with a, ß € 

Qr^}. 

Note that if C(A) = 0, then = {Q,I). 

In this section, we prove that is isomorphic to the Gohen-Macaulay Aus¬ 

länder algebra of the gentle algebra A = KQ/{I). 

Example 3.2. (a) Keep the notations as in Examvle \2.S[ (a). Then the quiver of the 

gentle algebra KQjll) is as Figure 3 shows, and = {a+y^,/3+a“, 

2 



71 

Figure 3. The quiver of KQ/{I) for Fxamvle \2.3[ (a). 

(b) Keep the notations as in Fxamvle \2.3[ (b). Then the quiver of the gentle algebra 

KQ/{I) is as Figure 4 shows, and /^“® = { 7 + 7 “, a+/3“,/J+a“}. 


a 

o 



o 


ß 

Figure 4- The quiver Q"^“® of KQ/{I) for Fxamvle \2.3\ (h). 

For any two A-modules M, N and any subcategory R of mod A containing M, N, we denote 
by irrxi(M, AI) the space of irreducible morphisms from M to Ai in R. 

From Theorem 12.81 we get that 

indGproj(A) = indproj A[^{i?(ai),..., R{an)\c = ai • • • G C(A)}. 

Furthermore, let c G C(A) be a cycle, which we label as follows: 1 2 n 1. 

Then from the proof of m Theorem 2.5], there are short exact sequences 


( 1 ) 0 ^ R{ai) ^ 

for alH = 1 ,..., n, where we set oq = an- 








COHEN-MACAULAY AUSLANDER ALGEBRAS 


7 


Lemma 3.3. Keep the notations as above. Then ai,bi in sequence m are irreducible mor- 
phisms in Gproj A for all i = 1,... ,n. Furthermore, 

(i) 

dimxirrGprojA(-R(ai),^i)) = 1 dimx irrcproj A(-Pi, = 1, 

for all i = 1 ,..., n. 

(ii) For any indecomposable projective module P not isomorphic to Pi, we have 

irTGproiA{R{ai),P)) =0 and irroproj a(-P,-R( ai-i)) =0, 
for all i = 1,... ,n. 

(iii) For any two non-projective indecomposable Gorenstein projective modules R{a) and 
R{a'), we have irrcproj A(-R(a))= 0- 

Proof. Note that R{ai) is indecomposable and sequence ([I]) is not split for any ... ai G 
C(A) and each i = 1,... ,n. We need to check that sequence ([T]) is an almost split sequence 
in Gproj A for each i = 1,..., n. 

For any Gorenstein projective module M, and a morphism v : M ^ R{ai-i) which is 
not a retraction, since Gproj(A) is a semisimple category, and R{ai-i) is a simple object 
in Gproj (A), we get that u = 0 in Gproj(A). So v factors through a projective module P 
as V = V2V1 for some morphisms vi : M ^ P and V2 ■ P ^ It is easy to see 

that V 2 factors through bi as V 2 = biV^ for some morphism : P ^ Pi, which implies 
V = V2V1 = biV^vi, so bi is right almost split and then sequence ([T]) is almost split. 


R{ai)^Pi - 

A „2 ..rr ,, 

VZ : ..•••■ V 

P ^.M. 

V\ 


(i) For any other irreducible morphism a' : R{ai) —>■ Pi, since Ext]Y(ü(aj_i), = 0, there 
exists a morphism f : Pi ^ Pi such that a[ = /oj. Note that a, is not a section, so / is a 
retraction and then an isomorphism, so dim^ irrcprojA(.R(öi))-f*)) = 1 - 

It is similar to prove that dim;^ irrcproj a(.Pd= 1, we omit the proof here. 

(ii) follows from that sequence m is almost split. 

(iii) If a 7 ^ a', then Hom^(i2(a), ß(a')) = 0, so irrcproj a(.R(ö)) .R(öO) = 0. If a = a', then 
by the proof of Theorem l2.8l in HZ], we get that EndA(i2(a)) = K. So irrcproj a(.R(ö)j .ß(a)) = 
0 . □ 


Since proj A C Gproj A, for any indecomposable projective A-modules Pi,P 2 , we get that 
irrGprojA(Ei,P2) ^ irrproj a(Pi, ^ 2 )- 

Lemma 3 . 4 . Let A = KQ/{I) be a gentle algebra. Let Pi,P 2 he two indecomposable pro¬ 
jective A-modules with their corresponding vertices vi,V 2 respectively. For any irreducible 
morphism / : Pi —>■ P 2 in proj A which is induced by an arrow a : V 2 ^ vi, then 

(i) if a lies on a cycle in C(A), then f is not irreducible in Gproj A, in particular, f factors 
through R{a) as a composition of two irreducible morphisms in Gproj A. 

(ii) if a does not lie on any cycle in C{A), then f is irreducible in Gproj A. 

Proof. (i) If a lies on a cycle c G C(A), we assume that c is of form • • • U 3 ^ U 2 A- A- 0 • • • 

(where the vertices can be coincided), then there exist two short exact sequences 

0 ^ R{a) ^ P 2 -A P( 7 ) ^ 0 and 0 ^ R{ß) ^ Pi -A R{a) 0, 
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with 0162 = /• So / is not irreducible in Gproj A. Lemma [3Ä] vields that oi, 62 are irreducible 
in Gproj A, and then (i) follows. 

(ii) Since / G iriproj a(A’i;-P 2 )) we get that / is neither a section nor a retraction. Suppose 
for a contradiction that / factors through a module M G Gproj A as / = / 2/1 for some 
morphisms /i : Pi —>■ M and f 2 '■ M ^ P 2 , with neither /i a section nor /2 a retraction. 
Then M ^ proj A, so M = Mi 0 M 2 with Mi projective and the indecomposable direct 
summands of M 2 non-projective. Note that M 2 7 ^ 0. For any non-projective indecomposable 
Gorenstein projective module Ri, there exist indecomposable projective modules Pi, Pj+i and 
non-projective Gorenstein projective modules i?j_i,Pj+i such that the following sequences 
are exact 

(2) 0 ^ Ri ^ Pi ^ Ri-l 0, 0 —>• i?i+i —>• Pj+l —)• —)■ 0. 

So by doing direct sum of the exact sequences as in sequence ([2]) for all indecomposable direct 
summands of M 2 , there exist two exact sequences 

(3) 0 ^ A^i ^ M 2 ^ 0, 0 ^ M 2 ^ Qm2 ^N2^0, 

where Pm 2 ) Qm 2 are projective with their indecomposable direct summands corresponding to 
vertices lying on cycles in C(A), and A^i, N 2 are Gorenstein projective modules with their in¬ 
decomposable direct summands non-projective. Then for M, there exist two exact sequences 

(4) O^A^i ^Mi©Pm 2 0 ^ M ^ Ml 0 Qm2 ^ A^2 ^ 0. 

The proof can be broken into the following two cases. 

Gase (1). The vertex vi does not lie on any cycle in C(A). Then /i factors through 
dl as the following diagram shows: 


Ni 


CI 


Pl 


/ 


Ml © Pm2 



P 2 

/2 

M. 


So / = f 2 dif[. If /( is not a section, then f 2 di is a retraction since / is irreducible in proj A 
and Ml © Pm 2 is projective, which yields that /2 is a retraction, giving a contradiction. So 
f[ is a section, which implies that Pi is a direct summand of Mi by the assumption that the 
vertex 1 does not lie on any cycle in C(A). Since Mi is a direct summand of M, we get that 
Pi is a direct summand of M, i.e. fi is a section, giving a contradiction. 

Gase (2). The vertex vi lies on some cycle in C(A). Then there is a cycle c G C(A) 
such that Ul lies on c. So we assume that c locally is • • • U 3 ui • • •. Let P 3 be the 
indecomposable projective module corresponding to the vertex U 3 . Then there are two exact 
sequences: 

(5) 0 ^ P(a 2 ) ^ P 3 ^ R{ai) ^0, 0 ^ Rias) ^ Pi ^ P(a 2 ) ^ 0. 

Similar to Gase (1), we get that fi factors through di as the following diagram shows: 


Ni 


Ci 



P 2 

/2 

M. 
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Then / = f 2 dif[. If /{ is not a section, then / 2 dl is a retraction since / is irreducible in 
proj A and Mi(BPm 2 is projective, which yields that /2 is a retraction, giving a contradiction. 
So /{ is a section. 

If /( induces that Pi is a direct summand of Mi, and then it is a direct summand of M. 
By our construction, we get that /i : Pi —)• M is a section, giving a contradiction. So f[ 
induces that Pi is a direct summand of Pm 2 - By our construction, we know that R{a 2 ) is a 
direct summand of M 2 . So / factors through U 2 : Pi ^ R{ot 2 ) as / = 52^2 for some morphism 
§2 : P(a; 2 ) P 2 - From sequence ([5]), we get that g 2 factors through ui as 52 = g' 2'^1 for some 

morphism P 2 since Extj^(P(ai), P 2 ) = 0. Then / = / 2 U 1 U 2 . Since U 1 V 2 : Pi —>■ P 3 

is the morphism induced by the arrow 012 , it is not a section. Therefore, is a retraction 
and then an isomorphism. So / is the morphism induced by the arrow « 2 . However, / is 
the morphism induced by the arrow a, so «2 = Recall that a does not lie on any cycle in 
C(A), giving a contradiction. 

To sum up, / is an irreducible morphism in Gproj(A). □ 

Theorem 3.5. Let A = KQ/{I) be a gentle algebra. Then the Cohen-Macaulay Ausländer 
algebra of A is isomorphic to . 

Proof. Note that 

ind Gproj(A) = indproj A [^{P(ai),..., P(a„)|c = oi • • • «„ € C(A)}. 

Lemma f3.3l and Lemma f3.4l characterize all the irreducible morphisms in Gproj A, from them, 
it is easy to see that is the quiver of the Cohen-Macaulay Ausländer algebra of A. In 

fact, the vertex i € Qo T corresponds to the corresponding indecomposable projective 

A-module Pp, the vertex a G C Q^“® corresponding to the A-module P(a); the arrow 
ß G C corresponds to the irreducible morphism Pt{ß) —>■ Ps{ß) induced by /3 G Qi, 

see Lemma El (ii). The arrow a (resp. a'^) corresponds to the irreducible morphism 

Pt{a) ^ R{a) (resp. R{a) A Ps(a)), see Lemma [3.31 and Lemma EU (i). Note that b is 
surjective and a is injective. 

So Aus(Gproj A) is isomorphic to f (/^) for some admissible ideal {I^). Recall that 

jAus _ |y 3 +Q,-|^Q, g j with a,/3 G Q'^i'^}\^{ßa\ßa G I with a,/3 G 

From the above, it is easy to see that c (/^). Assume that l = Yl\=i ^ where 

li,... ,lt are paths in and ki ^ 0 for 1 < i < t. We can also assume that the starting 

points and the ending points of all the k,! < i < t are same, which are denoted by s{l), t{l) 
respectively. The proof can be broken into the following four cases. 

Gase (1). s{l),t{l) £ Qo fL We can view l to be an element in KQ after replacing 

all the subpaths a~a'^ by a, and denote it by Tr{l). Let us view the arrows as irreducible 
morphisms. For any arrow a G , the irreducible morphism from Pt{o) to Ps{o) iu proj A 
induced by a is equal to the combination of the irreducible morphisms in Gproj A induced 
by the arrows q~ and a"*". So the morphism from Pt{i) to Pßig) induced by tt{1) in proj A is 
equal to the one induced by l in Gproj A. Since l G the morphism from P^g-j to Pg^-^ 
induced by l is zero, and then the morphism from to Ps{i) induced by Tr{l) is also zero. 
So tt{1) G {!), and then 7 r(/j) G (!) for any l < i <t, since (!) is generated by zero-relations 
of length two. In other words, for each 1 < i < t, there exist two arrows a, ß in Q such that 
ßa G I and ßa is a subpath of 7r(/j). If a G then ß G , and so ßa G which 

implies that ß G (/"^“®); if a G Q'i^, then ß G and so ß~^a~ G It is easy to see 

that ß~^a~ is a subpath of ß, which implies that ß G (/"^“®). Therefore, we have ß G 
for each i, and then l G (I^“®). 
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Case (2). s{l) = ce G C € Qo ^ Qo^^- Since there is only one arrow a~ 

starting from a, we can assume l = l'a~ where l' is some element in starting from 

t{a). Viewing the arrows as irreducible morphisms, since corresponds to an injective 
morphism, we get that l = l'a~ G {I^) if and only if la'^ G {I^)- Then la~^ satisfies Case 
(1), which implies that it is in Since is generated by zero-relations of length 

two and a ~^ we get that l G 

Case (3). s{l) G Qo ^ = « S Q Qo^^- It is similar to Case (2), only need 

note that a~ corresponds to a surjective morphism. 

Case (4). s{l) = a,t{l) = ,0 G C It is also similar to Case (2), only need note 

that a't corresponds to an injective morphism and ß~ corresponds to a surjective morphism. 

Therefore, = (I^), and so is isomorphic to the Cohen-Macaulay 

Ausländer algebra of A. □ 

Corollary 3.6. Let A = KQI{I) be a gentle algebra. Then the Cohen-Macaulay Ausländer 
algebra of A is also a gentle algebra. 

Proof. From the structure of and it is easy to see that is a gentle 

algebra. □ 


4. Some Representation properties of the Cohen-Macaulay Ausländer 

AGELBRAS FOR GENTLE ALGEBRAS 

Before going on, let us hx some notations. Let A be a gentle algebra and T be its Cohen- 
Macaulay Ausländer algebra. 

For any AI = (Mq, : Mi Mj)i^^.i^j^^Q^) G modA, dehne a F-module M = 

((A'i,A^„)igQo,aGQr>(^/3)/3€Qf“0 follows: 

• For any i G Qo ^ j we set Ni = Mi ; for any a G T , we set Na = Im Ma. 

• For any arrow in if it is of form {ß : i ^ j) € then we set Nß = Mß] if it is 

of form /3+ : 1 —)■ /3, or of form ß~ : ß ^ j for some {ß : i ^ j) £ we set Nß+ and Nß- 
to be the natural morphisms {Ni = Mß (ImMg = Nß) and {Nß = ImMß) —>■ {Mj = Nj) 
respectively, which are induced by Mß : Mi —>■ Mj. 

It is easy to see that M is actually a F-module. Since Im is a functor, we can dehne a 
functor 4» : modA ^ inodF such that <I>(M) := M, with the natural dehnition on morphisms. 

Lemma 4.1 ([I3])' Keep the notations as above. Then ^ is a covariant additive functor 
from modA to modF. 

Since (Q, I) is a subquiver of i.e. A is a subalgebra of F, we get a restriction 

functor res : modF —)■ modA. Explicitly, for any N = {{Ni,Na)i^Q^^a&Q<=y<^,{Nß)ß^QAus) G 
modF, ies{N) is dehned as follows; 

• For any i G Qo, (res(iV))i = Np, 

• For any arrow {a : i ^ j) £ Qi, if a G we set (res A^)q, = Na', if a G we set 

{res{N))a = Na-Na+. 

Since A and F are gentle algebras, their indecomposable modules are either string modules 
or band modules. We describe the action of ‘h and res on string modules as follows. 

• For a string w = ■ ■ ■ “n" ^ ‘^(■^)) denote its corresponding string module by M{w). 

For i = 1,..., ra, if «j G we replace a* by aß aß , and get a word in F, which is denoted 
by l{w). Then it is easy to see that i{w) £ S{r), we denote its string module by N{l{w)). 
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Note that 

dim. N(i(w)) = dim. M(w) + ^ dim Sn,, 

oii € Qf ^ 
w = a ^2 ■ ■ ■ 

where 5 q. is the simple module corresponding to a* G Q'^'^ C In this way, we get a 

map t : 5(A) —)■ 5(r), which is injective. It is easy to see that ^{M{w)) = N{i{w)). 

• For a String v = ßiß 2 ■ ■ ■ ßn S ‘5(r), denote its corresponding string modnle by N{v). 
Obviously, i'es{N{v)) is also a string module if res(A^(i;)) 7 ^ 0, we denote by 7 r“(n) the string 
of res(A^(n)). Explicitly, we denote by v' the longest substring of v such that s{v'),t{v') G 
Qo ^ then is constructed from v' by replacing a ~with a for each a G 

Note that if i'es{N{v)) = 0, then 7r~{v) is not defined. This only happens when v = l(a,i) for 
some a G C 

Besides, there exists the shortest string v” with s{v''),t{v") G Qo ^ Qo^^^ such that v is 
a substring of v". Then 7 r'’'(n) is constructed from v" by replacing aT with a for each 
a G Obviously, 7 r'''(n) G 5(A), we denote its string module by M{'k~^{v)). 

In this way, we get two surjective maps 7 r“, 7 r'’' : 5(r) —)■ 5(A), in fact, Tr~t = Id = 

Example 4.2. Keep the notations as in Examvle \2.S\ (a) and Examvle \S.2\ (a). Let v = 072 /?, 
which is a string in 5(A). Then i{v) = a~^a'^j 2 ß~^ß~^, which is a string in 5(r). 

For 7 r+ and vr“, we have 7 r+(a+) = a, 7 r+(a“) = a, and 7 r“(a+) = l(i 7 ), TT~{a~) = 1 ( 2 , 1 ) • 
Let w = a^'^ 2 ß~^, which is a string in 5(r). Then 7r~^{w) = 072 , 0 , which is a string in 5(A), 
and 7r~(w) = 72 , which is a string in 5(A). 

Note that 0 < /(c) — l{iTT~{c)) < 2 for any string c G 5(r) such that vr“(c) is defined. 

Lemma 4.3. Let A = KQ/{I) he a gentle algebra. Then A admits band modules if and only 
if the Cohen-Macaulay Ausländer algebra Aus(Gproj A) o/A admits band modules. 

Proof. Let b = «102 • • • On-iOn be a band in A. Then it is easy to see that ßb) is also a band 
in Aus(Gproj A). 

Gonversely, for any band c in Aus(Gproj A), if s(c) = t{c) G Qo ^ Qo^^^ it is easy to see 
that vr“(c) is a band in Q. Otherwise, if s{c) = t{c) G then there exists oi G 

such that s(c) = oi = t(c), which implies that c is of form o^cio^ or 
since there is only one arrow af starting from ai and one arrow af ending to a\. We only 
check it for the first form since the second is similar. Then d = cio^o^ is also a band 
in Aus(GprojA). Since s{d) = t{d) = s(ai) G Qo, from the definition of vr“, we get that 
s{7r~{d)) = s{d) = t[d) = t{TT~{d)). Together with 7 r“(d™) = {TT~{d))'^ for any m > 0, it is 
easy to see that TT~{d) is a band in A. □ 

Theorem 4.4. Let A = KQ/{I) he a gentle algebra. Then A is representation-finite if and 
only ifthe Cohen-Macaulay Ausländer algebra T = Aus(Gproj A) o/A is representation-finite. 

Proof. Theorem l3.5l shows that the Cohen-Macaulay Ausländer algebra of A is KQ^'^^/{L^'^ß. 

If r = Aus(Gproj A) is representation-finite, then there is no band in T. Lemma 14.31 vields 
that there is no band in A. For each string w = 0102 ■ ■ ■ «n in ‘^(A), we have ßw) G 5(r). 
Note that i is injective. Since F is representation-finite and every string defines a unique string 
module, there are only finitely many strings in F, which implies that there are only finitely 
many strings in A. Since A admits no band module, we get that A is representation-finite. 

Gonversely, if A is representation-finite, then there is no band in A. Lemma 14.31 yields 
that there is no band in F. Let c be a string in 5(A). For any string v G <S(r) such that 
7r~{v) = c, it is easy to see that ßc) is a substring of v and v is of form ßc), ai(c), ßc)ß 
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or ai{c)ß for some a,ß or their inverses in Since {Q'iß^ is a finite set, there are 

only finitely many strings v in 5(r) such that Tr~(v) = c. Additionally, there are only finitely 
many strings in A, so there are only finitely many strings in F, and then T = Aus(Gproj A) 
is representation-finite since F admits no band module. □ 

For a gentle algebra A = KQ/{I), if any indecomposable A-module M is uniquely deter- 
mined by its dimension vector, then there is no band module in A, since each band yields 
infinitely many indecomposable modules with the same dimension vector. 


Lemma 4.5. Let A = KQ/{I) be a gentle algebra such that there is no loop in Q. If any 
indecomposable A-module M is uniquely determined by its dimension vector, then for any 
arrow a € Qi, there is no arrow from t{a) to s(a), i.e., there is no oriented 2-cycle in Q. 

Proof. If there is an arrow ß : t{a) —s(a), then there are two strings s(a) A- t{a), t{a) A- 
s(a). So there are two string modules with the same dimension vector, giving a contradiction. 

□ 

Theorem 4.6. Let A = KQ/{I) be a gentle algebra such that there is no loop in Q. If 
any indecomposable A-module M is uniquely determined by its dimension vector, then any 
indecomposable Aus(Gproj A)-modu/e N is uniquely determined by its dimension vector. 

Proof. If any indecomposable A-module M is determined by its dimension vector, then there 
is no band in A and Lemma 14.31 vields that F = Aus(Gproj A) admits no band. So there are 
only string modules in modF. We also get that any string in 5(A) is uniquely determined 
by its dimension vector up to the equivalence relation p. 

For any vector v = {{vßi^Q^, which is a dimension vector of a string F-module, 

set Ul to be (vßi^Q^ and V 2 to be (va)aeQß‘'- there are two strings c,d£ 5(F), such that 
dim c = dimd = v, then l(c) = l{d). If vi = 0, then v is the dimension vector of a simple 
F-module Sa for some a € F the result follows immediately since every simple 

module is uniquely determined by its dimension vector. 

If Ul 7 ^ 0, then both vr“(c) and vr“(d) are well-defined, and ui is the dimension vector of the 
strings vr“(c) and vr“(d) in A. It follows that vr“(c) ~ '^~{d) since dim7r~(c) = dim7r“((i) and 
any string in A is uniquely determined by its dimension vector up to the equivalence relation 
p. After choosing suitable representatives, we can assume that vr“(c) = 7r~(d). We get that 
L7r~{c) = iTT~{d) appears as substrings of c and d. Recall that 0 < l{c) — l{i'K~{c)) < 2. 

Gase (1). If l{c) = l{iTT~{c)), then c = ltt~{c), which also implies d = L7r~{d) by l{c) = 
l{d). Then c = d since vr“(c) = vr“(d) and i is injective. 

Gase (2). l{c) — l{ni~{c)) = 1. We assume that ni~{c) = L7r~{d) is 

ai 02 o„_i an , 

bl - 02 - • • • - bn - 0„-|-l. 


Suppose for a contradiction that c is not equivalent to d. 

Since dim c = dimd, there exists some a G such that c and d are of the following 
for ms; 


ci : 


a ■ 


bl 


Ol 


02 


bn+l ) 


o , Ol 

C2 : OL -^ Ol - 


02 On-l an 

52- bn - 


bn+l ) 


, Ol 02 o„_i 

C3 : Ol - Ö2- br, 


bn+l 


a. 


Ol 02 0„_1 an , o 

C4 : bl - 62 - bn -0„+i ^-a. 
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If c = ci, then d can only be of form C 3 or C 4 since there is no loop in Q. First, if d = C 3 , then 
7 r+(d) = {l'k~{ d))a~^ = 7 r+(i 7 r“(c))Q!“^, and 7 r+(c) = a 7 r+(t 7 r~(c)). Then dim 7 r+(d) = 

dim 7 r+(c), which means that ' 7 r'’'(d) ~ 7 r'’'(c). If 7 r'*'(d) = 7 r+(c), then from the definition of 
7 r+, we get that a~ = ai, a'^ = 02 , ai = «3 and so on. So «3 = a~, which yields that 
a~a'^a~ is a string. However, t{a) = t{a~) = s(a'’') = «(a), which means that a is a loop 
in Q, contradicts to the assumption of Q. If 'K~^{d) = ( 7 r'''(c))“^, then 7 r+(i 7 r“(c))a“^ = 
(a7r+(t7r“(c)))“^ = (7r+(c7r~(c)))“^Q;~^, which means that 7r+(i7r“(c)) = (7r+(i7r“(c)))“^, 
giving a contradiction to Remark 12.41 
Second, if d = C 4 , then 

t7T^[c) : ö^+i -a - 61 - 02 - bn - 6 n+i 

is a string, and its starting point and ending point coincide. From t 7 r'''(d), it is easy to see 
that (t7r“’'(c))™' is also a string for any m > 0, which implies that there is a band in F, giving 
a contradiction. In conclusion, d = c if c is of form ci. 

For c is one of forms C 2 , C 3 and C 4 , the proof is similar to the above, we omit the proof here. 
Case (3). l{c) — = 2. We assume that 

ivr [c) = LTT (d) : 64 - 62 - 0 „- bn+i- 

There are four cases for the structure of c. 

Case (3a). c is 

a+ , «1 7 «2 «77-1 «77 , ^^77 

c : a ^-öl- Ö 2 - bn -ön+i-^ p 

for some a,ß £ Q^i^. If a = /3, then d = c since dim c = dim d and Q has no loop. 

For a ß, suppose for a contradiction that d is not equivalent to c. Then d is one of the 
following forms; 

, „ , «1 , «2 « 77-1 a+ 

dl : ß ^-öl- Ö 2 - bn -ö„+i -^ a, 


, „ , ai 02 «77-1 a~ 

d2 : ß ^-öl-Ö 2 - bn -ö„+i -a, 

, „ /l“ , «1 , «2 «77-1 On , a+ 

ds : ß -^ öl-Ö 2 - bn -Ö„+1-^ a, 

, n ß~ 7 “1 7 ®2 «77-1 On , a~ 

d4 : ß -^ öl-Ö 2 - bn -ö„+i - a. 

For d = dl, if n = 0, then d = c“^, a contradiction. If n > 0, then there are two arrows 
a'^, ß^ from öi, and ai is of form «i : Ö 2 ^ öi since F is gentle. Then ß~^ai, a~^ai ^ 

a contradiction. For d = d 2 , if n = 0, then there is an oriented 2-cycle öi a öi in 
F, a contradiction; if n > 0, then similar to the above case d = di, we can get that it is also 
impossible. For d = d 3 , it is easy to see that ö„+i = öi, then there is an oriented 2-cycle 

öl ß öl, a contradiction. For d = d^, there is an oriented 2-cycle ö„+i A öi ö„+i 
in Q, a contradiction to Lemma 14.51 Therefore, d is equivalent to c in this case. 

Case (3b). c is of form 


c : 


bl 


«1 , «2 

-Ö 2 - 


«77-1 On , ß' 

^n+1 


a 


ß 
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for some a,ß G If a = /3, then d = c since dimc = dimd and Q has no loop. For 

a ^ ß, suppose for a contradiction that d is not equivalent to c. Then d is also one of the 
forms di,d2,d3,d4 as described in Case (3a). 

ß+ ß~ 

For d = dl, if n = 0, then bi —> ß —> bi is an oriented 2-cycle, a contradiction. If 
n > 0, then we can check that it is impossible similar to Case (3a). For d = d 2 , if n = 0, 

ß+ ß~ 

then bl — > ß —)■ bi is an oriented 2-cycle, a contradiction. If n > 0, then there are 
two arrows a~ , ß~ ending to bn+i, and an is of form : bn+i —>■ bn since F is gentle. Then 
anß~, ana~ ^ ^ contradiction. For d = da, it is easy to see that dim tt '*' (d) = dim tt '*' (c ). 

so 7r'''(d) ~ 7r+(c) and then i7r+(d) ~ i7r+(c), that is 

t7r^(c) : t[a) ^- a ^ -öi-62- bn -»n+i - ß ^- s{ß) 

and 

t 7 r^(d) : s{ß) -^ ß -^ bl - 62 - bn -»n+i-^ ^ t[a) 

are equivalent under p, which implies that t 7 r+(c) = ( 47 r+(d))“^. Then ( 47 r“(c)) = (t 7 r“(c))“^, 

which is impossible. For d = d^, obviously, bn+i = bi and so bi a bi is an oriented 
2-cycle, a contradiction. Therefore, in this case, d is equivalent to c. 

Case (3c). c is of form 

O“ , “1 , “2 »n-l an , n 

c : a -^ bl -62- bn -0^+1-^ ß 

for some a,ßG This case is similar to Case (3b), we omit the proof here. 

Case (3d). c is 

a~ , “1 7 “2 Ort-l an 7 ß~ „ 

c : a - ^ bl -62- bn -On+i ^ - ß 

for some a,ß € Q‘^^. This case is similar to Case (3a), we omit the proof here. 

To sum up, when l{c) — 1{l'k~{c)) = 2, we get that c is equivalent to d. 

Therefore, for any strings c, d in iS(F), if dim c = chmd, then c ~ d. For any indecomposable 
F-module N^ we get that is a string module, which is uniquely determined by its string up 
to the equivalent relation p, and so N is uniquely determined by its dimension vector. □ 

The following example shows that the converse of Theorem 14.61 is not valid. 

Example 4 . 7 . Let A = KQjßl) be a gentle algebra with 

Q: 1 I={aß,ßa}. 

ß 

Then is as following diagram shows and = {ß~^a~ ,a'^ß~}. 
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It is easy to see that any indecomposable /{I^^^)-module is uniquely determined by 

its dimension vector. However, the indecomposable projective A-modules Pi,P 2 corresponding 
to vertices 1,2 respectively, have the same dimension vector. 

Remark 4.8. Let A = KQ/{I) be a gentle algebra. If any indecomposable A-module M is 
uniquely determined by its dimension vector, then for any loop a : i ^ i with i a vertex, there 
is no arrow ß ^ a starting from i or ending to i. 

Proof. Since A is a gentle algebra, for any loop a : i ^ i, we have € /. First, note that 
there is not another loop ß with the same starting point i. Otherwise, we also have ß“^ € /. 
Then ßa, aß ^ I since A is gentle, contradicts to the fact A is finite-dimensional. 

If there is another arrow ß : i ^ j, then j ^ i. Obviously, ßa ^ L So there are two 

nonequivalent strings i ^ i ^ j and i 4^ i ^ j, which have the same dimension vector, a 
contradiction. 

If there is another arrow /3 : j —)■ i, it is similar to the above case, we omit the proof 
here. □ 


Example 4.9. Let A = KQ/{I) be a gentle algebra with Qq = {!}, Qi = {« : 1 — >■ 1}. Then 
I = {a^}. Let be the Cohen-Macaulay Ausländer algebra of A. Then is 

as the following diagram shows and = {a+a“}. 

, a+ 

qAus . 2 V —^ 2 

OL~ 

It is easy to that f does not satisfy that any indecomposable module is uniquely 

determined by its dimension vector. 

Corollary 4.10. Let A = KQ/{I) be a gentle algebra with Q connected. Assume that A 
satisfies that any indecomposable A-module M is uniquely determined by its dimension vector. 
If there are two indecomposable Aus(Gproj(A))-moduZes with the same dimension vector, then 
A is isomorphic to the local ring K[X]/{X“^). 

Proof. Since any indecomposable A-module AI is uniquely determined by its dimension vec¬ 
tor, if there is no loop in Q, Theorem 14.61 yields that any indecomposable Aus(Gproj A)- 
module N is determined by its dimension vector, a contradiction. So there is at least one 
loop in Q. Furthermore, Remark 14.81 implies that Qq = {u}, Qi = {a : v ^ v} since Q is 
connected, and so A = K[X]/{X"^). □ 

At the end of this section, we give the following proposition for schurian gentle algebras. 
Recall that an algebra A = KQ/1 \s schurian if dim^ Hom^(Pj, Pj) < 1 for any two vertices 
i,j of Q, or in other words, the entries of its Cartan matrix are only 0 or 1 . 

Proposition 4.11. Let A = KQ/{I) be a schurian gentle algebra. Then its Cohen-Macaulay 
Ausländer algebra F = Aus(Gproj A) is also a schurian gentle algebra. 

Proof. Let P be an indecomposable projective F-module corresponding to some vertex bi G 
Since F is a gentle algebra, P is a string module, see e.g. na Section 4]. Benote by 
w its string. Then from na Section 4], we get that w is of form 

, ßm hi , hl , ai 02 On-1 an , 

^ • ^n+m+1 ^nH-2 ^ ^2 ^ ^ ^ 


or 


71 72 7Z-1 7i 

w : ai -^ a 2 -^--^ ai -^ «;+i, 
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where the paths ßm ■ ■ ■ ß 2 ßi, ctn ■ ■ ■ «201 and 7 z... 7271 appearing above are maximal, e.g. 
there does not exist ß G such that ßßm jAus ^ see e.g. EKni. Therefore, we only 

need to check that the string w passes through any vertex at most once. 

For w is of the first case, we claim that 61 , hn+i-, hn+m+i ^ Qo ßL Qo^^- In fact, if bi ^ Qq, 
then bl = a for some a G Then there are two arrows ai,ßi starting from a. 

Recall that there is only one arrow a~ starting from a in a contradiction. If bn+i ^ Qo^ 

then bn+i = ß for some ß G Q'i'^ C Since there is only one arrow ß~^ ending to ß 

in an = ß~^ ■ However, ß~ ß~^ ^ jAus^ an-■- 1^2011 is not maximal, a 

contradiction. For bn+m+i £ Qoi h is similar to the above. 

It is easy to see that 7r~{w) G 5(A) is the string of the indecomposable projective A-module 
corresponding to the vertex bi G Qq. From A is schurian, we get that 7r~{w) does not pass 
through any vertex more than once. It follows that w does not pass through any vertex in 
Qo ßL more than once. Furthermore, if w passes through a vertex a G at 

least twice, then w must pass through s(a) or t(a) at least twice, which yields that 7r~(w) 
passes through s(a) or t(a) at least twice, a contradiction. 

If w is of the second case, similar to the ürst case, we get that az+i G Qo ^ If 

öl G Qo, then it is similar to the first case. If ai = a G Qi^'^, then ai = a~ since there is only 
one arrow a~ starting from a. It is easy to see that 7r~^{w) G <S(A) is the string of a quotient 
of the indecomposable projective A-module APs{a) corresponding to the vertex s(a). Let v 
be the string of APs(a)- From the above, we know that v does not pass through any vertex 
more than once. Note that ic is a substring of v, so w does not pass through any vertex more 
that once. 

Therefore, F is a schurian algebra. □ 
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